Far away from a fundamental magnetic monopole of the SU(5) grand unified theory, the full theory reduces to one whose gauge group is unbroken SU(3) ⊗ U(1). The algebra of generators of smooth gauge transformations in this unbroken theory, however, will not in general contain any subalgebra isomorphic to su(3). This means that global color rotations are not always defined. The resulting inability to classify semiclassical dyon states by their color climinates an apparent paradox related to the vacuum angle θ. 
Recently one of us ' has performed an analysis similiar to Witten's 2 of the low-lying states in the fundamental monopole sector of the SU (5) grand unified theory.
The result is that in the presence of a nonzero vacuum angle e, both the electric charge and the color hypercharge (to which it is proportional) take on an arbitrary value. While this result was surprising for the electric charge in Witten's original analysis, it at first appears to be a disaster for the hypercharge, which is presumably embedded in the compact color SU(3) symmetry group.
The only way out of this dilemma seemed to be the possibility that in fact no group of gauge transformations isomorphic to SU (3) exists. While this situation may seem to be no less paradoxical than the original paradox, we show in this letter that it indeed obtains.
This proof holds for the full quantum theory and gives necessary and sufficient conditions for the unbroken local symmetries of a grand unified theory to be integrable into well-defined global symmetries.
We can see the essential details of the problem in an SU (3) theory spontaneously broken to 50(2) x 0(1) by an adjoint Higgs field, whose expectation value in the nonsingular "radial" gauge of Ref. 3can be 1 taken as <0(0> =1 3 T are the three Pauli matrices. every point a full algebra of small motions is defined, but it is well known that not even a single smooth nonvanishing tangent vector field exists globally. This is so in spite of the fact that S2 and its tangent bundle can be imbedded in IR 3
• which has a perfectly good algebra of global translations and rotations. Similarly in gauge theories it is possible for a twisted unbroken theory to be the reduction of a trivial unified theory.
To proceed beyond this heuristic level it is convenient to 4 describe the unbroken theory in Wu and Yang's two-patch formalism.
The theory is defined on the space 1R x OR 3 -B }, where B is a ball occupied by the monopole core. We restrict this space further to a single sphere S 2 at some given time, and divide it into two hemi- (2), however, it is clearly not closed. Hence g (0) is not homotopically trivial.
The above result makes minimal use of the specific monopole vector potential. In fact, closer inspection shows that, for general Q satisfying the Dirac quantization condition, the issue of color definition is settled completely by the one topological invariant k of 9 the monopole. k is the number of times g(0) winds around the U(1); color can be globally defined iff k is even. Since the full quantum theory does not mix different topological sectors, our result is valid beyond the semiclassical approximation. In particular, it is not spoiled by confinement effects. Of course it is still limited to energies low enough for the unbroken theory to be a good approximation to the full one, and to the region far from the monopole core. Similarly the addition of matter fields changes nothing; these live on bundles associated to the principal bundle and derive their definition of gauge transformations from it.
The above results can be trivially extended to the general case. In the SU (5) SU (3) x U(1) theory, global color is defined iff k E 0 mod 3. Hence color is undefined in the presence of the fundamental monopole, resolving the original paradox. On the other hand, the purely electromagnetic monopole has k = 3 E 0 mod 3 and so presents no problem, as expected.
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